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Introduction

Several terrain’s collapses took place in the last years
inside Alcala de Ebro village (Zaragoza, Spain). Ebro
River is close to the village and acts on this zone in
an active way. The existence of cavities filled with
water or sediments is supposed. The depth of these
cavities may be from 12 to 20 m. Besides, there are
no other geological studies in the area that provide
more information. That is why we tried to use the
available geophysical information for this purpose.
The Alcala de Ebro (Zaragoza) gravity anomaly was
studied with a set of point masses model (Zidarov,
1968; Zidarov, Zhelev, 1970; Zhelev, 1972; Zidarov,
1990; Zhelev et al., 1996) — one entirely Bulgarian
method, elaborated in our Department after the ideas
and under the scientific guidance of the late D-r D.
P. Zidarov.

Mathematical formulation of the problem

The solution of the given problem by the above men-
tioned method (Zidarov, 1968, 1990) reduces mainly
to the solution of the following non linear system of
equations f(x) =y, where x (X, X,, ..., X,) is the vector
of the unknown parameters (co-ordinates — &, n,,
¢, and masses m,, k = 1, ..., n/4 of the point sources
(PS)), which must be determined on the basis of the
vector of the observations y* (y,,y,, ..., n), While f*
(f,,f,, ..., fy) is a vector of non linear functions (the
symbol * means transposition). In this case the func-
tions f,,i =1, ..., N, can be defined by the analytical
expression for the gravity effect
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(y=166.7.10"2m? kg s2is the gravity constant ) of
a set of n/4 ES in N points of observation with co-
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ordinates — X, Y,, Z,i=1, ..., N, located over the
Earth’s surface.

For the representation of the trend of the field,
when necessary,a part a + bX + cY +...(XandY
are the co-ordinates of the observational points) of
a polynomial is used, whose coefficients — a, b, c, ...
are determined in the process of optimisation, to-
gether with the rest of the unknowns (Zhelev, 1991,
1994). Alternatively, more PS can be included in the
model for this purpose (Zhelev, 1991, 1994). Their
parameters can be specified in the same way. Usual-
ly, in order to represent the trend, they must lie sig-
nificantly deeper than the rest. Of course, the best
thing to do here is to try to remove the trend before
further interpretation, but this is not always possible
with the needed precision. Even so it must be tried,
because in all cases, this can considerably ease the
optimisation in the next step.

Numerical results

As was already mentioned, the above described grav-
ity anomaly was treated with this method (Zidarov,
1965, 1968, 1990). An appropriate Computer Pro-
gram on FORTRAN 77, worked out by Zh. Zhelev
(1972), was applied for this purpose. The Bouguer
gravity was used obtained on the basis of the surface
registrations. The observed anomaly and the corre-
sponding trend were represented with 15 PS and the
linear part of a polynomial. The optimisation was
carried out after the Marquardt (1963) method. A
part of the results obtained — the parameters of the
elementary sources — X, y and z co-ordinates and
the masses, respectively — &, 1, §,, m, and some
quantities connected with the corresponding errors
in the solution are presented in the table 1. Besides,
the following parameters are listed there for conve-
nience:



Table 1. Solution of the Inverse Gravity Problem with a system of elementary sources — 15 point
sources and a linear trend represent the local field of the “Zaragoza” gravity anomaly

F G K, [%] k &[m] Ny [m] Ci [m] M [kg/1.5.10°]
0.28.10"7 0.64.10° 557.75 1 893.00 1039.00 -158.00 -2109.00
2 1109.00 1192.00 -198.00 868.00
3 1304.00 843.00 -182.00 45639.00
4 961.00 1130.00 210.00 91.00
5 920.00 1162.00 -164.00 -6089.00
6 1160.00 1249.00 85.00 -821350.00
7 1171.00 1186.00 87.00 1516400.00
- o 8 991.00 1250.00 -160.00 36380.00
Initial approximations: 9 1007.00 1240.00 ~158.00 ~737570.00
10 | 1173.00 1119.00 -98.00 -6954100.00
11 835.00 1228.00 91.55 -30119.00
12 | 1174.00 1112.00 97.91 3246700.00
13 1008.00 | 11240.00 | -158.00 685310.00
14 | 1171.00 1125.00 -101.00 3352200.00
: 15 1209.00 1128.00 -100.00 163690.00
Parameters of the trend 16 -693.54
020.10° 0.18.10% 146 1| 931.60 | 1152.65 -143.99 -67000.01
2| 1023.93 1228.80 -184.73 2581.46
3] 1231.34 958.26 -46.31 59336.24
4| 93843 1145.25 -130.41 111282.49
5| 83632 | 1240.76 -86.26 -35613.06
6| 99450 | 1121.95 6137 988418.81
. 7| 1016.91 1118.77 51.25 1354955.70
Solution: 8| 99134 | 1251.71 -141.32 98347.95
9 999.52 | 1246.53 -118.30 -663745.83
N=306,n=60,m=1; 10 | 1120.60. | 113624 77071 77049119.20
o — 170 meal 11] 999.80 | 1514.64 -202.05 -139901.19
v LU mg 12 | 1126.13 1125.56 -74.00 3151347.10
13 | 1002.01 1243.89 -106.75 626139.39
14| 1118.73 1146.52 7578 3256817.50
15| 122273 | 1175.65 2.89 299418.44
Parameters of the trend (a,b,s) 16 | -608.37
Corresponding confidence intervals: 1 2.8761 2.9766 2.8309 8720.9229
8%y = *0i tnmyan? 2 2.9427 2.4554 5.5542 1250.7372
=0, Wi, Wi=[ a1 "% 3 9.3182 10.2536 10.0325 8292.7143
6,2= 1.70 mgal , 4 4.0301 40115 4.8459 8711.2587
(t 245005 = 1.975 5 7.9660 4.0277 7.6470 6196.6537
t 245,001 = 2.604), 6 5.9582 6.0956 5.5464 8787.8704
ai, k=1, ..., n+m are the diagonal 7 6.1025 5.6240 5.1369 8788.5534
elements of the inverse of the matrix 8 4.2195 4.1542 43197 8595.1153
of the corresponding normal system of 9 6.1198 5.4953 53163 86014711
~ equations at the point of the 10 4.0099 43860 2.9492 8779.3444
minimum, arranged consequently by 7 [ 177712 | 32.5857 | 13.8057 89562595
rows: 12 3.8290 4.4079 2.9395 8779.0838
13 7.5273 6.4818 6.7098 8602.5008
14 3.9914 42973 2.9540 8778.7052
15 10.7273 6.4457 9.9376 8747.0338
Parameters of the trend (a,b,s): 16 11.5548

Obviously, to obtain the masses in kilograms, the given quantities in the table must be multiplied by 1.5.10% For
example, spheres with 0.360 gr/cm? density (i.e. — one approximately real density contrast) and 5 m radius, have a
mass about 1.884.10° kg, more or less of the same order, as the masses of the main PS of the obtained solution. The
real x and y co-ordinates — &, and n, respectively (in meters) can be obtained on the base of the following relations:

=&+ aa0 000 mp Mk = Mk + 4629000 [m]
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— the functional

F<x>=§[yi— f,(0F,

— the corresponding mean square deviation
(MSD)

o, =[F(x)/(N=n-m)]"2,

— the gradient of the functional
0 OF(X) |2,
Glx)= — R
() {Z{ o } }

— the coefficient of non-representativeness (Zhe-
lev, 1970, 1972, 1974)

K. =100FL)" o/ E=Yy |

at the point of the minimum, etc.

Stability and errors in the solution

As is known, the problem concerning the exact eval-
uation of the errors in the solution in the non-linear
case is not satisfactorily solved yet. But as in the close
vicinity of the minimum, a linear representation is
usually acceptable, the well-known formalism con-
cerning statistical estimations of linear systems can
be used in this and similar cases to study the stabil-
ity of the solution. An approximation of the corre-
sponding confidence intervals dx, of the unknowns
can be obtained by the following expression

1/2

oxX.=zto,t o, =O'Va)k,a)k:[akk] ,

(N-n-m), >

where a,,, k =1, ..., n are the diagonal elements of
the inverse matrix of the respective normal system of
equations, and t  , . ,is the corresponding 7 score
for the respective degrees of freedom (N-n-m) (m —
the number of the trend parameters) and level of
certainty o. Thus, we can have an approximate idea
about the confidence intervals, suggesting an almost
linear connection between the unknowns and the
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observations at the point of the minimum and its
surroundings.

As can be easily seen from the table, almost all
the PS and the trend are comparatively well deter-
mined — the corresponding errors in the solution
are within acceptable limits.

Naturally, when this method is used, the ques-
tion how to determine the optimal number of model
parameters is essential. Although the optimization
method used automatically eliminates the extra pa-
rameters of the model, in order to ease the optimiza-
tion process however, the following additional meth-
od (Zhelev, 1990) can be employed for this purpose.

The problem can be solved for different numbers
of elementary sources. The number # at which the
corresponding MSD has a minimum, had to be cho-
sen as an optimal one. It is not difficult to show, that
if the number of the observations is large enough,
there is a number of the ES at which this criterion
has a minimum and this optimum coincides with
the real number of the parameters of the source —
the respective proof can be seen in (Zhelev, 1990).
Obviously, the minimum value of the MSD thus ob-
tained, must be approximately equal (or a little less)
to (than) the corresponding mean square error in
the observations, as it is its unbiased estimate (if a
good representation is achieved) (see Zhelev, 1991,
1994). Thus, instead of searching for the minimum,
we can look for that n for which the corresponding
MSD coincides with (or is a little less than) the re-
spective mean square error in the observations, when
it is known of course.

Conclusion

The obtained results seem to be in better agreement
with the karstic cavities filled with water or sediments
supposed to be at different depths and the terrain
collapses that have taken place in the last years in
this region (and to a large degree clarify the avail-
able terrain’s collapses in this region).
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HoBu pe3yaraTu oT aHAJIX3a HA TPABUTALMOHHATA AHOMAJIUA
npu ceJio Anakanaa ae Eopo (Caparoca, Ucnanusn)
ype3 MHOKECTBO OT TOYKOBH U3TOUHUIIH

Keavo Keaee, Tomxka Ilemposa, ®yencanma Mounmecunoc, Puxapoo Bueiipa,

Anmonuo Kamauo

Pe3rome. I1pe3 nocienHuTe ronMHU CTaBaT HAKOJI-
KO MpomajaHus Ha TepeHa B palioHa Ha ceyio AJika-
na ne E6po (Caparoca, Mcnanus). Peka E6po mu-
HaBa OJIM30 10 CEJIOTO U JCWCTBa HAa Ta3K 30HA MO
€OVWH aKTUBCH HAYUH. Hpez[nonara C€ HAJIMYUCTO
Ha nN€Cpu, U3NbJIHCHU C BOJA WJIM CCOIUMCHTH.
HObiabounnaTa Ha Te3W MEIICPUTE CE OIEHSABA Ha
okoJ10 12 1o 20 m. Moxe ma ce xaxe, 4e HaMa Ipyru
re0JIOKKY U3CJICBAHUS B paiioHa, KOUTO Ja OCHUTY-
PAT IOMbIHUTEIHA MHpOPpMAaIUs 3a Tasu el CboT-
BeTHATa rPaBUTAI[MOHHA aHOMAJUsA OT paiioHa e
U3CJeABaHa C MOJEN OT MHOXECTBO TOYKOBH U3-
tounuiy (Zidarov, 1968; Zidarov and Zhelev, 1970;
Zhelev, 1972; Zidarov, 1990; Zhelev at al., 1996).Cnen

npeaBapUuTCIHA IOJIMHOMMWHAJIHA AIIpOKCUMAaIUA 3a
eJeMUHUPaHEe HA IIaBHATA YaCT HA PErMOHAHUS
TpeHp (C Ie OJIECHIBAaHE HA ONTHMH3AMMOHHHUS
mpoiec), ChOTBETHATA JIOKAJIHA I'PAaBUTAIMOHHA
aHoMaJus (3aeIHO C OCTaThbKa OT TPEHAA) Ce MO-
JeJIipa ¢ MHOXECTBO OT 14 eleMeHTapHU TOYKOBHU
U3TOYHUIU U JIMHCCH TPECHI. HewusBecTHute mnmapa-
METPH Ha MpeJIaraHus MOJEN Ce ONPENesaT upes3
ontumm3aius. [losyueHure pesyatratua qo0pe ce
ChIJIACYBAT C KAPCTOBHTE IIEIIEPH ITBJIHA C BOIA
WM CCAUMECHTH, IIpE€ANIOJIaraiy 1a CbIIECTBYBAT HA
pasivyHa IhJIOOYMHA B paiioHa U n00pe OOsSICHS-
BaT npoIragaHuATa Ha TE€pE€HA, CTaBallld B TO3HU
paioH mpe3 MOCeTHUTE TOAUHHA.
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